Introduction {#Sec1}
============

Parameterized polynomial systems arise in various applications in science and engineering, such as in computer vision \[[@CR15], [@CR17], [@CR22]\], kinematics \[[@CR14], [@CR23]\], and chemistry \[[@CR1], [@CR19]\]. Often in these applications, real solutions are desired. The complement of the discriminant locus associated with the parameterized polynomial system consists of cells where the number of real solutions is constant. Elimination methods (e.g., see \[[@CR8], Chap. 3\]) theoretically provide an approach to explicitly compute a defining equation for the discriminant locus. If the discriminant locus is a curve or surface, there are several numerical methods that can be used to plot it, e.g., \[[@CR6], [@CR7], [@CR18]\]. When the explicit expression is difficult to compute, this paper develops a numerical algebraic geometric approach based on pseudo-witness sets \[[@CR13]\] for both evaluating implicitly defined polynomials and directional derivatives. In particular, the approach yields an explicit univariate polynomial equal to the defining equation restricted to a line which can then be evaluated or differentiated as needed. When the parameterized system and line have rational coefficients, the resulting univariate polynomial also has rational coefficients which can be computed exactly from the numerical data \[[@CR2]\].

One application of this new approach is to compute the critical points of the discriminant polynomial which are outside of the discriminant locus without explicitly computing the discriminant. This set of critical points contains at least one point in each compact cell in the complement of the discriminant locus \[[@CR10]\] which can be useful for determining the possible number of real solutions as well as the real monodromy structure \[[@CR11]\].

The remainder of the paper is as follows. Section [2](#Sec2){ref-type="sec"} describes the approach based on using pseudo-witness sets. Section [3](#Sec3){ref-type="sec"} presents an algorithm for performing the computations with some illustrative examples. Section [4](#Sec4){ref-type="sec"} provides two examples of computing critical points.

Implicit Representation of a Polynomial {#Sec2}
=======================================

In numerical algebraic geometry, e.g., see \[[@CR4], [@CR21]\], a witness point set for a hypersurface $\documentclass[12pt]{minimal}
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Fig. 1.A visual representation of the pseudo-witness set for $\documentclass[12pt]{minimal}
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The following illustrates a pseudo-witness set and Theorem [1](#FPar2){ref-type="sec"}.
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Example 3 {#FPar5}
---------

Reconsider Example [2](#FPar4){ref-type="sec"} with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f|_{\mathcal {L}}(t) = t-1. \end{aligned}$$\end{document}$$

Example 4 {#FPar6}
---------

Reconsider Example [2](#FPar4){ref-type="sec"} with $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$$\begin{aligned} f|_{\mathcal {L}}(t) = -t^2. \end{aligned}$$\end{document}$$

Clearly, once the univariate polynomial $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$f|_\mathcal L(t)$$\end{document}$ in ([3](#Equ3){ref-type=""}) is computed explicitly, one can easily determine the value of *f* at any point along $\documentclass[12pt]{minimal}
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Example 5 {#FPar7}
---------
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                \begin{document}$$v = (1,0)$$\end{document}$, respectively. Hence, the corresponding directional derivatives are simply partial derivatives of $\documentclass[12pt]{minimal}
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Algorithm {#Sec3}
=========

Theorem [1](#FPar2){ref-type="sec"} immediately justifies Algorithm 1 for explicitly computing a polynomial restricted to a line. The following two examples exemplify this algorithm applied to the discriminant locus.

Example 6 {#FPar8}
---------

Consider the discriminant locus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal H\subset \mathbb C^2$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} \begin{array}{ccc} b(t) = t&\,&c(t) = t/3 \end{array} \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal M= \mathcal L\times \mathbb C$$\end{document}$, one has $\documentclass[12pt]{minimal}
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                \begin{document}$$W = V\cap \mathcal M= \{(0,0,0), (4/3,4/9,-2/3)\}$$\end{document}$. The other input for Algorithm 1 is, say, $\documentclass[12pt]{minimal}
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                \begin{document}$$f|_\mathcal L(T) = 5$$\end{document}$ to set the scale. This setup is illustrated in Fig. [2](#Fig2){ref-type="fig"}(a).

The pseudo-witness set yields $\documentclass[12pt]{minimal}
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                \begin{document}$$f|_\mathcal L(t) = t(t-4/3) = t^2-4t/3$$\end{document}$.

Of course, one can easily compute that the discriminant of *g* satisfying $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(b,c) = b^2 - 4c$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \begin{document}$$f|_\mathcal L(t) = f(b(t),c(t)) = t^2-4t/3$$\end{document}$.

Example 7 {#FPar9}
---------

Consider the discriminant locus $\documentclass[12pt]{minimal}
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As in Example [6](#FPar8){ref-type="sec"}, one can easily compute that the discriminant of *g* satisfying $\documentclass[12pt]{minimal}
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Fig. 2.Pseudo-witness set for the discriminant locus of (a) the quadratic $\documentclass[12pt]{minimal}
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Computing Critical Points {#Sec4}
=========================
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                \begin{document}$$\mathbb R^n\cap \{f\ne 0\}$$\end{document}$ \[[@CR10]\]. The website dx.doi.org/10.7274/r0-0mc0-gt33 contains the necessary files to perform these computations using Bertini \[[@CR3]\].

Lemniscate {#Sec5}
----------

This first example demonstrates the approach given $\documentclass[12pt]{minimal}
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Since one is setting directional derivatives equal to zero, the scale factor is irrelevant and can be simply set to 1. We first compute a witness set for each of the cubic curves defined by $\documentclass[12pt]{minimal}
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Kuramoto Model {#Sec6}
--------------

The Kuramoto model \[[@CR16]\] is a mathematical model of an oscillating system to describe synchronization. After a standard conversion to polynomials, the discriminant locus for the steady states of the 3-oscillator Kuramoto model is modeled by $\documentclass[12pt]{minimal}
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                \begin{document}$$f = 0$$\end{document}$ (green), and (b) the discriminant locus (black) for the 3-oscillator Kuramoto model with contour plot and 19 real critical points (red) in the complement. (Color figure online)
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